Abstract. In this paper we propose an efficient method for selecting the reconstruction resolution of non-uniform representations. We analyze the topological difference between reconstructions based on Topological Persistence information and define a distance for quantifying such information. We compute the Persistence information with a state-of-the-art method and report in detail the characteristics of the proposed algorithm. We evaluate our method in different scenarios and compare to previous contributions. Our proposed method offers faster and more reliable results in an effort to improve the reconstruction process and to reduce the necessity for visual inspection.
Introduction
Nowadays, the number of applications that provide non-uniform (irregular) data is increasing steadily. Examples vary from astronomical, Doppler and ultrasound measurements, to particle or numerical simulations in physical sciences. Non-uniform data representations offer a way of adapting the measure location according to the importance of the data. However, most of the techniques that deal with the analysis and processing of data are fitted to uniform (regular) data. The transform of non-uniform representations to uniform ones, is a viable option, for the better understanding and analysis of such data. In this paper we focus on the process of reconstruction from non-uniform to uniform representations.
The main problem in the reconstruction from non-uniform representations is the selection of the proper resolution of reconstruction. This will be the central question we will try to answer in this paper. The problem of selection of reconstruction resolution can be translated into a trade-off finding problem between accuracy and memory efficiency. A coarse (low) resolution of reconstruction requires less memory consumption, but will smooth the signal in areas with sharp transitions, resulting in visual artifacts or high errors. On the other side, a too fine (high) resolution of reconstruction will introduce memory overheads while achieving a better accuracy.
Another important issue, in the reconstruction process is the evaluation of the quality of reconstruction. A commonly followed approach for assessing the quality of reconstruction is to measure the reconstruction error, e.g., the root mean square error (RMSE). In addition to the fact that the RMSE can be misguiding due to his averaging behavior, in many scenarios low RMSEs may still result in artifacts in the reconstructed data. Hence, direct visual inspection is required, introducing the need of more time overhead and user interaction. In a traditional reconstruction framework, we would follow these steps when trying to reconstruct a non-uniform points set P: (1) reconstruct P with different resolutions, (2) compute the RMSEs for each reconstruction resolution, (3) select those reconstructions that have RMSEs lower than a user defined threshold, and (4) visually inspect the reconstructed data for possible artifacts, e.g., by means of volume rendering. Vuçini and Kropatsch [17] proposed to reduce the necessity for visual inspection by using topological information derived from Homology analysis. A schematic view of this reconstruction pipeline is displayed in Fig. 1 Fig. 1 . Schematic view of a pipeline for the reconstruction of non-uniform point sets to uniform representations when the target resolution is unknown. The offline inspection step represents the option to decide over the quality of reconstructions using additional information and without the need of visual inspection.
In this paper, we build upon the work of Vuçini and Kropatsch [17] . We also derive a topological signature from the analysis of data. Instead of homology we use persistent homology (or simple Persistence) in our analysis workflow. The usage of Persistence allows us to compute a more robust topological signature, in a more efficient way due to recent developments in persistence computation algorithms [20] . The topological information together with error measurements improves the quality assessment of the reconstruction and reduces the need of visual inspection.
In Section 2 we give a short summary of related work. We introduce our topology controller in Section 3, and explain the main modules of the proposed algorithm. In Section 4 we show results w.r.t. the usage of the topological signature and assess the value of its applicability. Finally, conclusions are drawn and some ideas are layed out and discussed as future work in Section 5.
Related Work
Following we give an overview of work related to the proposed approach, namely, with regard to reconstruction and topology analysis of data.
Non-uniform data reconstruction (approximation) is a recent, fast growing research area. A number of approaches reconstruct non-uniformly sampled data, especially for one-and two-dimensional signals. Most of the methods are based on the reconstruction of the data by solving large systems of equations ( [11] ). Perhaps the most popular approach for approximating non-uniform data is based on Radial Basis Functions (RBFs). They have been used in surface ( [14] ) as well as volumetric ( [13] ) approximation and reconstruction techniques. Arigovindan et al. [2] proposed to use B-splines in a multi-grid framework for the reconstruction of non-uniform 2D data. Vuçini et al. [18] extended these ideas to 3D volumes and large datasets.
Most of the above-mentioned approaches consider the resolution of reconstruction as known a priori. In order to find the resolution allowing exact reconstruction a lower bound on the minimal distance between two sampling positions has to be assured. For general shift-invariant spaces a Beurling density D ≥ 1 is necessary for a stable and perfect reconstruction ( [1] ). In topology analysis, in order to be able to provide a topological-stable reconstruction, the object (signal) taken into consideration has to be r-regular. The related literature is mainly related to the problem of surface reconstruction ( [15] ). Vuçini et al. [18] proposed the usage of the σ avg concept for selecting an optimal resolution of reconstruction. While this approach works well in the proposed reconstruction pipeline, still the method is based on heuristically derived assumptions and no clear proof is given that this is an optimal characteristic that works with other reconstruction pipelines.
Due to the complexity of the data, techniques for providing a simplified view are required in fields such Visualization and Graphics. Topology analysis has been successfully linked to fields related to isosurface selection [3] , topological downsampling and simplification ( [12] ), topology-guided analysis and navigation in scalar and time varying data ( [5] ), and feature tracking and evolution ( [21] ). Carr et al. [6] have presented a generalized framework consolidating the theory and application of the contour spectrum concept. Most of the above-mentioned works have concentrated in reporting topological information related to 0-dimensional homology, i.e., connected components. Topological persistence information has been also used for shape comparison and feature classification ( [7] , [8] , [4] ). In our previous work ( [17] ), homology information was used to derive a topological signature. The main drawback of the method, is the necessity to compute the homology information for each superlevel set in order to derive important information. In the current approach the usage of Persistence overpasses this drawback, resulting in lower computation times and in the same time providing a more compact representation.
All the above-mentioned methods provide extensive information, which is difficult to interpret without the appropriate statistical analysis. Similar to [17] , in the proposed method we use statistical topological information for guiding the selection of resolution of reconstruction. As a result, our framework gives important cues that reduce the necessity of human's visual inspection of the data.
Topology-based Analysis
Our proposed algorithm consists of two main modules: 1) the variational reconstruction module, and 2) the module that derives the statistical Persistence-based information. Both modules are integrated in the main iterative procedure which extracts useful statistical information related to the reconstruction process. Through this information we will be able to select a resolution of reconstruction that has both a low RMSE and topological stability with regards to our defined Persistence-based topology-controller (PC ).
Variational Reconstruction Basics
Variational reconstruction is a well-known technique applied to solving ill-posed problems such as the reconstruction from non-uniform point sets. The variational functional is formulated so that it provides a solution close to the input points, while regularizing the smoothness in order to prevent discontinuities.
Given a set S of sample points, s i = (x i ,y i ,z i ), i = 1, 2, . . . , M,, the B-spline approximation is formulated in a way that it approximates the points set in a resolution (N x , N y , N z ) of the axis-aligned bounding box. Cubic B-splines do not enjoy the interpolation property, but with real-world data where noise is always present, approximative (not-interpolating) splines are better suited for the reconstruction process ( [16] ).
The key idea of the variational reconstruction is to build a linear system and to solve it by minimizing a derived cost function. Once the linear system is solved, we can estimate the approximating function f (s) (a C 2 -continuous function) at any position s ∈ V , where V is the volume enclosing the bounding box of the non-uniform point set. For a deeper insight into the method we refer the reader to [18] .
Persistence-based Topology Analysis
We shortly introduce Persistence, focusing on Z 2 homology ( [10] ). Given a topological space X and a filtering function f : X → R, Persistence performs a topological exploration along a filtration, i.e., a nested sequence of subsets X 1 ⊆ X 2 ⊆ . . . ⊆ X n = X, usually induced by considering the sublevel sets of the filtering function. The algorithm captures the birth and death times of homology classes of the sublevel set as it grows along the filtration. By birth, we mean that a homology class comes into being; by death, we mean it either becomes trivial or becomes identical to some other class born earlier. The persistence, or lifetime of a class, is the difference between the death and birth times. Homology classes with larger persistence reveal information about the global structure of the space X, as described by the function f .
Persistence-based Algorithm (PbA)
Similar to [17] , the proposed algorithm takes as input a non-uniform point set (S), a minimum (N min ) and maximum (N max ) resolution of reconstruction, and a resolution step ∆ (see Algorithm 1). In difference from [17] we do not require the number of superlevel sets needed to reconstruct. The number of superlevel sets was previously required by the Homology module, due to the fact that homology computation runs only on binary data, e.g., object and background. Persistence, offers us the possibility to create a filtration along the values of the data. The iterative algorithm starts with determining the volume V i , from the approximating function estimated from the variational reconstruction of the non-uniform point set S (line 2). The resolution of reconstruction N x ×N y ×N z is specified by the loop-variable i (loop-variable i is augmented in each step by the variable ∆ ). By varying N x , N y and N z are determined automatically by the proper aspect ratio of the axis-aligned bounding box enclosing the given non-uniform data points. In (line 3) we compute the persistence of the reconstructed volumes. As a result, we obtain a set of pairs for each dimension, i.e., P 0
. Each pair represents a persistent topological feature and is given as two functional values, i.e., (birth, death). Following, we can build the Persistence frequency histograms PH
(line 4). The frequency histograms span the data range, e.g., in many data examples [0, 4095] , and measure the number of persistent topological features that are alive at a specific functional value. PH τ V i can be considered as the τ-dimensional persistence signature of the point set S in resolution i.
After computing the Persistence frequency histograms for each resolution, we can define the topology controller PC (i) as:
where the weights (coefficients) α ∈ {0, 1} control the impact of the respective τ-dimensional persistence statistics (PH τ ) on the topology controller. In simpler words, PC (i) computes the relative error of PH
, which is the persistence signature of the point set S in the maximum resolution.
Implementation and Results
Our test platform is an Intel i7 CPU @ 2.67GHz with 12GB of RAM. All the algorithms are developped as single threaded hence only one processor core is used. Analog to [17] , we tested our framework with 3D data sets based on non-uniform point sets as well as Cartesian grids. For detailed information on the datasets refer to [19] .
In our framework, we analyze graphical plots of PC with regard to a changing resolution and we set default weight values (α 0 = α 1 = α 2 = 1) in Eq. 1. We attach to these plots also the graphs of PC τ , which measure the τ-dimensional homological statistics. PC τ is derived from PC by setting the respective α τ equal to one and the other two weights equal to zero. Vuçini and Kropatsch [17] , suggested a threshold of 0.2 for the topology controller, in order to find the optimal resolution of reconstruction. While this is a viable approach, in this work we followed a different strategy. We let the user define upon the plots of the topology controller, which the resolution that better suits her. In this way, we avoid hard thresholding, which is not optimal when dealing with different data types.
In Fig. 2 we show renderings of the point set and reconstructions from the Cooling Jacket dataset. The dataset was generated at AVL List GmbH in order to evaluate a cooling jacket design for a four cylinder diesel engine. This stationary flow simulation incorporates a heat transport solution in order to predict critical temperature regions within the engine. The original dataset is specified on an unstructured grid. The nonuniform point set consists of 1,537,898 points encoding the pressure of the flow data.
The topology of the data is very crucial for such an industrial simulation, and our algorithm should be able to distinguish between the cases displayed in Fig. 2 b-d) . In Fig. 3(a) , we display the plots of the topology controller derived from our proposed algorithm. We see that the (red) line representing PC , stabilizes after the resolution N x = 410. Hence, this is the value that we select as an optimal reconstruction resolution for the Cooling Jacket dataset. Visually comparing the renderings in Fig. 2 and 3(b) , we can also confirm that the reconstruction done with the selected resolution is topologically more similar to the input point set, than the ones done with lower resolutions.
In Table 1 we provide results of our framework for different datasets and also compare with the methods proposed in [18] and [17] . While our proposed resolutions are different from the ones suggested in [18] , they are similar to the ones proposed in [17] . For computing the Persistence information we use the algorithm developed by Wagner et al. [20] . For obtaining the reconstruction we use the algorithm developed by Vuçini et al. [18] . The complexity of Persistence algorithm is cubic, while the variational reconstruction algorithm has a linear complexity. However, in our framework we observed a linear complexity from both the modules. Computation times of the proposed framework, and comparison to [17] are given in Table 2 . Note that, with the usage of the Persistence module we significantly decrease the computation times.
Conclusions and Future Work
In this work we presented an efficient method for selecting the resolution of reconstruction for non-uniform point sets. Building this work on our previous contribution, we provide a more efficient method based on the concept of Persistence. We demonstrated our results in comparison with previous contributions.
One of the reasons of using persistence, was to be able to use the bottleneck distance [9] , as a measure for quantifying the difference between reconstructions in various resolutions. Along this work, we tested the proposed algorithm with both the bottleneck and Haussdorff distances. However, both preliminary testings resulted in a non-converging distance. In our future work, we want to analyze in more detail, the reasons underlying such fact. We believe, this can be related with the way our distance computing algorithm handles essential and non-essential classes in the persistence diagram. Another reason could be related to the possible normalizations, that have to be done in order to be able to compare different persistence diagrams.
In our future work, we also want to enable the usage of persistence-based topological signatures in visualization and graphics, e.g., in designing transfer functions or highlighting topological features of interest. 
